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Abstract This paper proposes an innovative trajectory planning algorithm aimed
at limiting the speed and accelerations for robots for spray painting. The algorithm
can be applied to robots that, due to their kinematic structure, do not offer a closed-
form solution to the inverse kinematic problem. The trajectory planning problem
is cast for a predefined path, which can be described by a B-splines. Such path is
then described by a set of discrete samples, that are filtered to achieve end-effector
speed and joint acceleration constraints. The proposed method has been applied
to a commercially available painting robot equipped with a non-spherical wrist. The
experimental results show a reduction of the joint speed, acceleration, and a sensible
reduction of the motor efforts.
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1 Introduction
In many robotic tasks, trajectories are usually programmed in the end-effector space,
where the task is easier to define. This approach of motion planning has to take into
account the transformation between the operative and the joint spaces, which in
general is not linear. When it is necessary to limit accelerations in order to improve
the quality of the robot tasks and to reduce the vibrations of the robotic arm, it is
necessary to adopt a method that takes into account this nonlinearity. In fact, due
to the nonlinearity of the robot kinematics, an effective reduction of accelerations
in the operational space does not necessarily imply a reduction of the accelerations
in joints space as well. For these reasons, in this paper we propose a methodol-
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ogy able to consider the relations between end-effector and joint spaces in order to
limit the acceleration of joints directly in the joint space but capable of creating a
suitable velocity profile in the operational space. This technique allows to obtain
good results in terms of accelerations constraints and to achieve a simple descrip-
tion of the trajectory for control purposes. In the recent years, a large number of
path planning methods have been developed in the field of speed and acceleration
control for enhancing the performance of high-speed CNC machines in industrial
applications. In particular, several look-ahead speed control algorithms based on
linear acceleration profile have been proposed. Examples can be found in [1], where
a look-ahead algorithm that considers speed limitation of each axis is proposed,
in [2] and [3], where a velocity profile generation method and an optimal feedrate
model for high-speed machining are described. Furthermore, the look-ahead strat-
egy has been applied for the interpolation of continuous micro-line trajectories in
[4] and [5]. To avoid the limitation of the linear acceleration profile, several algo-
rithms based on Bezier [6] and Non-Uniform Rational B-Spline (NURBS) curves
[7, 8] have been proposed. Another example is given in [9], where a method to de-
fine an optimal feedrate method of NURBS interpolator for CNC machines tools is
described. However, the methodologies mentioned above, which give good results
on machines with simple kinematics (such as CNC machines), are not suitable for
robots, in particular for those with non-closed solution of inverse kinematics due to
the presence of a non-spherical wrist. In order to address this problem, it is neces-
sary to develop a more sophisticated method, based on a re-parametrization of the
trajectory. A particularly complex case of machines with nonlinear kinematics is
given by industrial painting robots [10, 11, 12]: most of those have a non-spherical
wrist in order to avoid wrist singularities during painting tasks. This leads to a com-
plex formulation of the inverse kinematics, which has no closed-form solution. In
this paper, a trajectory planning technique, based on a look-ahead strategy, aimed at
limiting the accelerations of joints in robots with non-spherical wrist, is presented.
Unlike CNC machines, where the end-effector acceleration is linearly related to the
acceleration of joints, the algorithm proposed here allows to create a velocity profile
in the Cartesian space that can limit the accelerations in the joints space, as well as
the motor torques at the joints.
2 The look-ahead algorithm
By assuming a geometric path described by the curvilinear abscissa u, the method
described in the following defines a sequence of points in the end-effector space,
such as the joint accelerations result below the imposed limits.
Given a parametric path in the end-effector space s = B(u), a sequence of points
along the path can be obtained by defining:
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uk+1 = uk +
vt∣∣∣∣dB(u)du
∣∣∣∣
uk
T (1)
where T is a suitable constant time interval between two consecutive points and
v f is the desired velocity. Once the sequence of the uk has been obtained, the end-
effector pose corresponding to any uk can be computed. Then, the geometric path
B(u) is executed at constant speed vc and, through the inverse kinematics map, a
sequence of joint positions corresponding to the uk can be obtained. Hence, the
resulting trajectory in the end-effector space is described by equal intervals of space
∆s = vcT . Knowing the joint position at any time step, the joint acceleration q¨(k) at
the k-th time step can be computed:
q¨k =
qk+1 − 2qk + qk−1
T 2
(2)
where qk, qk+1 and qk−1 are the joint position coordinates at time steps k + 1,
k and k− 1, respectively. Knowing the maximum admissible absolute value of the
acceleration for each joint q¨ilim, we can determine the time interval ˆT i which repre-
sents the minimum time to go from qik−1 to qik+1 at constant speed for the i -th joint.
It results:
ˆT i =
√
qik+1 − 2qik + qik−1
q¨ilim
(3)
The maximum value of the ˆT i’s is the used to calculate the tangential velocity
vt,k at k -th time instant as:
vt,k = vc
T
maxi ˆT i
(4)
However, the velocity profile thus obtained cannot be used as it is. The reduced
speed values are computed under the assumption of constant velocity but, since the
velocity along the path is not constant, it is necessary to modify the profile in order to
compensate the effects of acceleration and deceleration along the whole trajectory.
This is done through the look-ahead algorithm described in the following.
The elaboration of all the points of the profile by means of numerical methods
would be computationally very expensive. So, some significant points are extracted
from the profile and processed, namely, the points corresponding to local minima
of the velocity of the end-effector, together with other points adequately sampled
from the trajectory. The need to keep the points with minimum velocity is essential
in order to maintain information on the critical points of the trajectory. Furthermore,
the local minima of the velocities occur when the path changes direction or the robot
is close to a singular configuration. Starting from the previously extracted samples of
velocity, the velocity profile is updated, so as to take into account joint accelerations
limits. Starting from every point corresponding to a local minimum of the velocity,
new velocity values for adjacent points are computed according to the following
scheme:
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1. calculate the time to travel between two consecutive points, based on the aver-
age speed vˆk,k+1 and travel time ∆ tk, which are evaluated as:
vˆk,k+1 =
vt,k+1 + vt,k
2
; ∆ tk =
sk+1 − sk
vˆk,k+1
; (5)
where vt,k and sk are the values of the end-effector velocity and arc length of the
path at the k -th time instant, respectively.
2. compute the average acceleration q¨k over the same time interval ∆ tk as:
q¨k =
q˙k+1 − q˙k
∆ tk
(6)
3. redefine the tangential velocity at the k1-th time step as:
vt,k+1 =
vt,k+1 − vt,k
γaccl
+ vt,k; with γacc = max
∣∣∣∣ q¨kq¨lim
∣∣∣∣ ; (7)
The new velocity at the k + 1-th instant is reduced by a quantity proportional
to the ratio γacc between the current joint acceleration at the k-th instant and the
corresponding limit acceleration.
4. recalculate the end-effector velocity vk+1 and the joint velocity q˙k+1 at the
k+ 1-th instant as:
vk+1 = vk+1,0
vt,k+1
vc
q˙k+1 = J−1(qk+1)vk+1 (8)
where J is the Jacobian matrix of the robot and vk+1,0 is the end-effector velocity
before the motion profile updating operation.
This algorithm is first run rightwards, beginning from the first minimum point of
the speed profile, by taking into consideration only the speed ramps for acceleration
(Fig. 1,left). Once the entire profile has been updated in the right direction, the
algorithm is then run leftwards, so as to impose the constraints on the deceleration
ramps (Fig. 1,right).
The updated velocity profile guarantees the respect of the acceleration limits at
the joints but might present irregularities that could make the resulting trajectory
not smooth. In order to reduce these irregularities, a moving average filter with
a centered window is used. The obtained velocity profile is defined in the space
domain. It can be converted to the time domain by plotting the velocity as a function
of time. Knowing the distance between two consecutive points along the path, and
the velocities in correspondence of these points, one can compute the time required
to travel the distance between the samples:
tk+1 = tk +
sk+1 − sk
vˆk,k+1
(9)
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Fig. 1 Update in the right and left direction
Thus the velocity profile in the time domain can be linearlt interpolated as:
v(t) =
t − tk
tk+1 − tk
(vk+1 − vk)+ vk (10)
At this stage, the velocity profile consists of a succession of ramps: hence, the
acceleration profile is piecewise constant and the jerk results unbound. In order to
limit the jerk, a moving average filter is applied to the velocity profile. This filter
is similar to that used in the previous step, with the only difference that, instead of
centering the buffer of samples at the output sample, in this case the buffer collects
only the backward velocity samples. In short, the filter in the time domain limits the
jerk and smooths the discontinuities left by the filter in the space domain, as shown
in Fig. 2.
Fig. 2 Filtering of the motion
profile
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3 Experimental tests and results
To verify the effectiveness of the look-ahead algorithm, a model of the robot has
been developed in Matlab environment. Several trajectories have been tested, in
order to find the best configuration of the algorithm, by evaluating its effectiveness
in limiting the joint accelerations.
The experimental tests were run on a GR680 robot, a 6 d.o.f. manipulator for
painting applications, designed and manufactured by CMA Robotics. The manip-
ulator has a non-spherical wrist. In Fig. 3 the robot used in the experimental test
and its non-spherical wrist are shown. The non-spherical wrist has been adopted in
order to avoid the wrist singularities, since in painting applications since almost all
trajectories are programmed in the end-effector space and it is difficult to foresee
when singularities may occur.
Fig. 3 The painting robot
GR680
The trajectory adopted in the experimental tests is made of a single B-spline
curve, interpolating 17 points. It is 9.16 m long, arranged on a vertical plane spaced
2000 mm from the base of the robot. The painting robot moves along it with a
velocity limit of 1000 m/s and a joint acceleration limit equal to 540 deg/s2. These
limits ensure that the proposed method and the manufacturer’s proprietary methods
lead to trajectories with similar time durations. Fig. 4 shows the capability of the
method to keep the end-effector velocity below the desired peak level, a feature that
cannot be ensured by the standard planning method. Moreover, in order to evaluate
the performance of the proposed methodologies, the motor torques at the joints were
measured. The results yielded by the look-ahead algorithm have been compared to
those obtained using the original robot controller. The measure torque for the first
three axes of the robot, i.e. the one that take the largest effort, are shown in fig. 5. In
both cases, by adopting the look-ahead method, a noticeable reduction of the motor
torques can be noticed.
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Fig. 4 Velocity profile: orig-
inal and with the look-ahead
algorithm.
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Fig. 5 Torque of second
axes motor with angular
acceleration limit of 540
deg/s2 .
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Experimental tests lead to the conclusion that the developed look-ahead method
can limit the acceleration values at the joints, and allows to reduce the values of
the motor torques at the robot joints. The reduction of the RMS value of the motor
torque can reach values as high as 30% when compared to the original manufatc-
turer’s proprietary method.
4 Conclusion
In this paper, a new algorithm aimed at limiting the accelerations of joints in robots
with non-spherical wrist has been presented. With respect to CNC machines, where
accelerations in the end-effector space are linearly correlated with those in the joint
space, robots with non-spherical wrist, characterized by a kinematics not solvable in
closed form, require numerical methods in order to limit the joint accelerations, as
well as to obtain a velocity profile suitable for complex tasks such as spray painting.
The proposed trajectory planning is based on the parametrization of the end-effector
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path by means of a B-spline curves. A model of the robot has been implemented in
Matlab and used to verify the effectiveness of the method for several paths. The
generated trajectories has then been tested on an industrial spray panting robot. The
results of the experimental tests have shown that the algorithm allows to improve the
performance with respect to previously used methods, and present a good capability
in limiting joint speed and accelerations. A sensible reduction of the motor effort
has been reported as well.
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